From an engineering viewpoint, life time estimation of industrial rubber parts in service is a critical issue. To this end, the present paper outlines recent development and prospect in the application of the Configurational Mechanics, i.e. mechanics of continua expressed intrinsically in the material manifold, and the Critical Plane Approach, entirely formulated in the deformed configuration of the body, to fatigue failure analysis of rubberlike materials. The efficiency of both approaches is discussed and assessed by means of experimental data previously published in the literature.
Introduction
The ever-increasing use of rubber in industrial parts, e.g. tires, vibration isolator, seals, medical devices, etc. has kindled considerable interest in the study of their durability in service conditions. Indeed, during design phase of rubber parts, an appropriate method in predicting their fatigue life is highly required.
While the development of Finite Element based tools capable of predicting stress and strain histories at each material point of rubber body is now well-established, physical phenomena involved in multiaxial fatigue crack nucleation and growth in rubber materials remain incompletely understood. Consequently, the use of these histories to estimate fatigue life of rubber parts in service remains a critical issue.
In general, the fatigue life of materials involves a period during which cracks initiate in regions that were initially free of observable flaws, followed by a period during which nucleated cracks grow to the point of failure. As emphasized by Mars and Fatemi (2002) , two approaches corresponding to these two periods are available for predicting fatigue life in rubber: the crack growth (propagation) and the crack nucleation (initiation) approaches. The former can be applied if initial crack shape and position are known. In this case, crack growth is predicted by the calculation of the tearing energy for given specimen under prescribed loading conditions. It is well-adapted to tires problem in which the parts should be able to sustain crack propagation before failure (Lake and Clapson, 1971; Young, 1990) . In the crack nucleation approach, which is more appropriate for designing engineering parts, the end-of-life is experimentally defined by either a loss of mechanical stiffness (Mars, 2001) or the occurrence of a small crack: 2 mm for Le Cam (2005) ; and 1 mm for André et al. (1999) , Saintier (2001) and Ostoja-Kuczynski (2005) . Previous studies showed that both definitions are closely related (Cadwell et al., 1940; Fielding, 1943; ASTM, 1994; Mars, 2001) . Indeed, the stiffness decrease can be correlated with the number of cycles required to cause the appearance of a crack of a certain size. It is to note that the crack nucleation approach offers simplicity and familiarity as it is based on quantities that are defined at each material point in the sense of Continuum Mechanics. Hence, no particular consideration on pre-existing crack is needed: the crack initiation location is part of the fatigue life estimation process. The present paper focuses on this approach. Remark 1. It has to be noticed that the loss of stiffness due to the occurrence of a crack depends on specimen geometry (size effects are obvious when considering stiffness loss as the end-of-life), loading type (a crack of a given size does not have the same effect on the stiffness loss in tension and in torsion due to the stress/strain gradient) and crack density. A stiffness loss criterion can then encompass a wide variety of crack lengths and densities at the onset of crack initiation.
The three widely used predictors for fatigue crack nucleation in rubber are the maximum principal stretch ratio λ max (Cadwell et al., 1940; Roberts and Benzies, 1977) , the maximum principal Cauchy stress σ max (André et al., 1999; Abraham et al., 2005) and the strain energy density W (Roberts and Benzies, 1977; Abraham et al., 2005) . Nevertheless, their efficiency in both unifying multiaxial fatigue data and 2 modeling fatigue life reinforcement in rubbers is revealed limited (see Mars and Fatemi (2002) and the references herein, and also the recent paper of Abraham et al. (2005) ). Recently, Saintier (2001); Saintier et al. (2006b) proposed to extend the concept of critical plane, classically applied to metallic materials, to rubber fatigue. To this end, the authors considered both damage and reinforcement mechanisms observed in rubbers. The corresponding mechanisms were then related to the stress histories endured by the material.
More precisely, the maximum normal stress acting on the critical plane, defined by the plane experiencing the maximum principal stress over a cycle, was considered to control the fatigue damage evolution. Furthermore, the reinforcement mechanism was related to the minimum crystallinity level on the critical plane during a cycle. At about the same time, Mars (2001 Mars ( , 2002 proposed a new predictor, referred to as the Cracking Energy Density, by considering that the nucleation of macroscopic fatigue cracks is the consequence of the propagation of microscopic defects initially present in the virgin material. His proposal emphasized two important features: critical plane and energy release rate. Indeed, the author attempted to calculate the portion of the total strain energy density available to be released as microscopic defects grow. In order to determine the orientation of potentially occurring fatigue cracks, the energy that is released on all material planes is calculated. The author concluded that the defect will grow following the plane in which the maximum of energy is released. Moreover, the author compared his proposal against experiments, Linear Elastic Fracture Mechanics, and several cases from the literature. Even if this predictor leads to interesting results, its derivation is questionable since the concept of Cracking Energy Density is not theoretically wellestablished (see the discussions in Mars (2006) and Verron and Andriyana (2008) regarding this issue). In an attempt to improve its theoretical foundation using a well-established theoretical framework, Verron and Andriyana (2008) adopted the Configurational Mechanics theory; more precisely authors related the energy released during defects growth to the properties of the configurational stress tensor. Some progress was made in pursuing it (Andriyana and Verron, 2007; Verron, 2007; . Nevertheless, further works are required in order to fully establish a rigorous connection between energy release rate and this continuum parameter (Ait-Bachir et al., 2009 ).
The present paper attempts to give a comparative study on the efficiency of two methods used in the 3 prediction of fatigue crack nucleation in rubber: the Configurational Mechanics and the Critical Plane Approach. To this end, previously published experimental data are considered: Saintier (2001) and Mars (2001) . The paper is organized as follow. In Section 2, both approaches are presented: the general context is briefly recalled, then the application to the prediction of fatigue life in rubber is detailed. Section 3 is devoted to the assessment of the efficiency of both approaches: first basic analytical results are established, then, previously published experimental data are considered. Finally, Section 4 closes the paper.
Two recent predictors for fatigue crack nucleation in rubberlike material
In this section the two recent approaches emphasized in the Introduction are briefly presented. For each approach some generalities and references are first given, then the application to the case of fatigue crack nucleation in elastomers is presented. For more details, the reader can refer to Saintier (2001) ; Saintier et al. It is well-recognized that under multiaxial loading conditions macroscopic fatigue cracks in metallic materials nucleate and grow in certain privileged planes, called critical planes. The occurrence and propagation of these cracks are assumed to be due to the stress, strain or/and energy histories acting on the considered planes. The critical plane, i.e. the one in which the crack will develop, can be determined by identifying the material plane in which a given combination of relevant fatigue damage parameters (expressed in terms of stress, strain and/or energy histories) is maximum. The cornerstone of this approach is the reduction of a multiaxial stress state to an equivalent uniaxial one which combines normal and in-plane quantities (stress, stress or energy) in a fixed plane. Then the resulting equivalent quantity is related to the number of cycles to failure. The first proposals were founded on the reduction of the Cauchy stress tensor (see for example the pioneering work of Stanfield (1935) and the paper of Findley (1959) who first introduce the word 'critical'). More recent studies extended the stress-based criteria by considering strain tensor or strain 4 energy density for the derivation of the equivalent mechanical quantity. Nevertheless, the existing critical plane criteria were developed only for metallic materials under small strain loading conditions. A complete overview of related works was recently proposed by Karolczuk and Macha (2005) .
Application to rubber fatigue
While the CPA enjoyed a great deal of success in metals, only few studies consider this approach to predict fatigue failure in rubber materials because multiaxial fatigue loading effects in elastomers, which often undergo large strain, are not yet well understood. As mentioned previously, the first works which explicitly propose to extend the CPA to fatigue of elastomers are due to Saintier (2001) ; Saintier et al. (2006a,b) . Their theory is recalled in the following.
The response of natural rubber subjected to uniaxial fatigue loading conditions exhibit two opposite trends. For negative loading stress ratio R = σ min /σ max and for fixed stress amplitude, fatigue life decreases as the mean stress increases (Cadwell et al., 1940; Saintier et al., 2006b ). This tendency is reversed as soon as R becomes positive: fatigue life improves under non-relaxing tension cyclic loading. Even if the physical origin of this reinforcement is not completely well-established, it is often attributed to strain-induced crystallization (see for example Cadwell et al. (1940); Gent (1994) ; André et al. (1999) ).
In order to incorporate both fatigue damage and cyclic reinforcement mechanisms into the prediction of fatigue crack nucleation in rubber, Saintier et al. (2006b) proposed a Cauchy stress-based predictor, denoted Φ, defined by:
where Φ damage (has stress units) and Φ reinforcement (dimensionless) are two quantities associated with damage and reinforcement mechanisms respectively and based on the Cauchy stress history. For the damage part of the predictor, authors have shown from uniaxial fatigue tests that damage is only governed by the normal stress and that compressive stresses on the critical plane has no effect on the fatigue life. Note that these results are in agreement with those of Cadwell et al. (1940) . Hence, damage contribution is simply the 5 maximum principal Cauchy stress endured by the material:
where t c is the cycle duration, σ I (t) is the largest principal Cauchy stress at time t and t max is the time at which the maximum value of the largest principal Cauchy stress is reached. Moreover, this choice leads to the definition of the critical plane: it is the plane normal to the principal direction associated with σ I (t max ).
This direction, denoted n CP (t max ), defines the position of the critical material plane at time t max . Using the classical Nanson formula and normalizing the vector, the position of this material plane in the reference configuration is:
and its position at any time of the cycle is given by:
In these equations the superscripts · T denotes the transpose of the tensor and · −T denotes the transpose of the inverse tensor.
Considering the major influence of strain-induced crystallization on the reinforcement, Saintier et al. (2006b) proposed to directly relate the reinforcement contribution Φ reinforcement to the crystallinity X c observed in the critical plane determined above:
where A is a material parameter. When X c is equal to zero, i.e. the material returns to a fully amorphous state despite crystallization upon loading, there is no reinforcement contribution. In this case, the predictor Φ reduces to the damage contribution. From strain-induced crystallinity measurement by X-ray diffraction,, authors proposed the following phenomenological relationship between the crystallinity and the Cauchy stress tensor:
6 in which the scalar 0.3 represents the maximum crystallinity in rubber (about 30% following Mandelkern (2002)), D is a material parameter, σ reinf represents the equivalent reinforcement stress and σ 0 is its threshold value under which no crystallinity takes place to be determined by fitting experimental data. · denotes the MacCauley bracket defined by:
For more details on strain-induced crystallization in rubber, the reader can consult for example Toki et al. (2000) ; Mandelkern (2002); Trabelsi et al. (2003) and the references herein.
In order to derive a relevant expression for σ reinf , authors considered that reinforcement takes place when the fatigue crack, and consequently the critical plane, does not completely relax during the cycle. Then, one should first determine the stress state in the critical plane. The normal and shear stresses acting on the critical plane at a given time are:
and
respectively. Thus, according to the authors, two different cases are possible for reinforcement to occur (see 1. if the critical plane is subjected to tension-tension (σ n (t min ) > 0, left hand side of Figure (1)), then:
2. otherwise if it is subjected to tension-compression (σ n (t min ) ≤ 0, right hand side of Figure (1)), i.e. a sort of crack closure effect, then the equivalent reinforcement stress is determined at crack closure time t cls as follow:
In summary, the Critical Plane predictor (referred to as the CPA-predictor in the following) is defined by
Eqs.
(1-11) and three material parameters A, D and σ 0 are required beside those of the constitutive model.
The number of cycles to fatigue crack nucelation N f is related to Φ via a classical power law equation
where Φ o and α are two additional material parameters fitted from uniaxial tension fatigue data. In fact, a general and efficient way to analyze different kinds of material inhomogeneities within the framework of Continuum Mechanics is provided by the theory of Configurational Mechanics (Maugin, 1993 (Maugin, , 1995 . The introduction of the Configurational Mechanics dates back to the outstanding works of Eshelby (1951, 1975) . While in classical Newtonian Mechanics, attention is focused on physical forces generated 8 by displacements in physical space, i.e. the three-dimensional Euclidean space, Configurational Mechanics deals with a different class of forces, referred to as configurational forces, generated by displacements not in the physical space but in the material space, i.e. the abstract set of particles that constitute the body (Truesdell and Noll, 1965) . Generally, material motion in the physical space induces microstructural changes or rearrangements in the material, e.g. growth of microscopic defects, dislocation or displacement of boundary phases. In order to describe such rearrangements, the balance of physical linear momentum should be completely written onto the material space. Following Maugin (1995) , it leads to
Configurational Mechanics
in which X is the position of the particle in the reference configuration and Σ is the configurational stress tensor defined by:
and G is the configurational force vector
In these equations, W is the strain energy density per unit of undeformed volume, I is the 3 × 3 identity tensor, F and C are respectively the deformation gradient and the right Cauchy-Green strain tensors, and P and S are respectively the first and second Piola-Kirchhoff stress tensors. Moreover, in Eq. (15) G is defined as the negative explicit differentiation of the strain energy with respect to the particle position in the material manifold (see the index ·| expl ): if the material is homogeneous, G = 0 and the configurational stress tensor satisfies a strict conservation law.
In the majority of studies involving Configurational Mechanics, only configurational forces are investigated through the calculation of path-independent integrals around inhomogeneities. So, configurational stress only appears in the definition of surface tractions, i.e. after contraction with the outward normal of the contour. Most of these works focus on the application of Configurational Mechanics to Fracture Mechanics (see the brief literature surveys proposed by Steinmann (2000) and Verron and Andriyana (2008) ). For the linear theory, the physical significance of the Cartesian components of the configurational stress tensor were 9 identified only recently by Kienzler and Herrmann (1997) for small strain problems. Moreover as proposed by Andriyana (2006) , the definition can be extended to large strain and arbitrary directions. Indeed, considering a particle and supposing that the configuration of its neighborhood changes due to loading conditions, e.g. growth of cavities, movement of dislocations, phases change . . . , then the configurational stress tensor contains the corresponding changes in energy. More precisely, the material unit translation θ of a material plane, defined by its normal vector N and containing the particle, will lead to the change in energy dU given by:
Application to rubber fatigue
Very recently, several studies consider the theory of Configurational Mechanics to predict rubber fatigue (Verron et al., 2006; Andriyana and Verron, 2007; Verron and Andriyana, 2008) . Their developments were motivated by the studies focused on the energy release rate of microscopic defects in rubber (Rivlin and Thomas, 1953; Greensmith, 1963; Lindley, 1972; Young, 1990 ) and more especially the work of Mars (2002) who attempted to determine the portion of the total strain energy density that is available to be released as microscopic defects grow under multiaxial fatigue loading conditions. In fact his concept of energy release rate was rationalized in the framework of Configurational Mechanics. This approach is briefly recalled in the following. For additional details, the reader can refer to Verron and Andriyana (2008) .
In each material point, the calculation of the maximum energy released in the growth of microscopic defects under fatigue loading conditions necessitates the minimization of dU with respect to θ and N (Eq. (16)). By supposing that opening and closing of microscopic defects (cavities) in rubber are due to only material normal traction and not due to material shear, the result of this minimization reduces to the smallest eigenvalue of configurational stress tensor Σ. Thus the predictor is given by:
where (Σ i ) i=1,2,3 are the principal configurational stresses. When one (or more) principal stress is negative, the predictor is strictly positive, and the defect tends to grow and to turn into a plane crack orthogonal to V * , the eigenvector associated with −Σ * . When the three principal stresses are positive, the material tractions tend to shrink the flaw and the predictor is set to 0.
In order to account for non-proportional multiaxial loading conditions, authors proposed to accumulate the increment of the configurational stress that contributes to flaw opening. In this case, the previous predictor becomes:
where
are the eigenvalues of the damage part of the configurational stress tensor Σ d . This tensor is obtained by the integration over the cycle of
with
(dΣ i ) i=1,2,3 and (V i ) being the eigenvalues and eigenvectors of the configurational stress tensor increment:
It is to note that for fully-relaxing proportional loading conditions, the integration over one cycle reduces to the determination of the instantaneous value of the configurational stress tensor corresponding to the maximum strain during cycle. In this case, Eq. (18) reduces to Eq. (17).
In summary, the Configurational Mechanics predictor (referred to as the CMA-predictor in the following)
is defined by Eqs (18-21) and necessitates no additional material parameters to those of the constitutive model. The reinforcement due to strain-induced crystallization should be accounted for directly into the constitutive equation (Andriyana and Verron, 2007) . Finally, similarly to the CPA-predictor, the number of cycles to fatigue crack nucleation N f is related to Σ * via a classical power law equation
where Σ o and β are material parameters which should be fitted from uniaxial tension fatigue data.
Example
A brief recall of the two approaches has been presented. In this section, two experimental data related to fatigue crack nucleation in rubber under different loading conditions are considered, namely Saintier (2001) and Mars (2001) . To this end, analytical solutions of proportional and non-proportional uniaxial extension/torsion of a hyperelastic tube are firstly recalled. Comparisons between theoretical and experimental results are then presented.
Analytical solutions of uniaxial extension/torsion of an incompressible hyperelastic tube
The complete derivation of the governing equations for the simultaneous uniaxial extension/torsion of a cylindrical hyperelastic tube can be found for example in Green and Adkins (1960) . Let (R, Θ, Z) and (e R , e Θ , e Z ) be the coordinates and the cylindrical unit vectors in the undeformed configuration. Let (r, θ, z) and (e r , e θ , e z ) denote their counterparts in the deformed configuration. The deformation of simultaneous uniaxial extension and torsion of a circular tube is given by:
where λ is the stretch ratio and τ is the twist per unit length. The corresponding deformation gradient is
and left and right Cauchy-Green strain tensors can be expressed as
In the hyperelastic framework, the second Piola-Kirchhoff stress tensor is defined as the differentiation of W with respect to the right Cauchy-Green strain tensor C (see for example Holzapfel (2000) ). Considering that the strain energy only depends on the two first strain invariants I 1 and I 2 , we have:
12 where p is an arbitrary scalar due to the incompressibility kinematic constraint and W i are the partial derivatives of the strain energy with respect to the strain invariants:
Using equilibrium equations and the boundary condition which imposes that the external lateral surface is traction free, the expression of pressure p for Neo-Hookean strain energy density W = C (I 1 − 3) is given by:
where C is material parameter. The Cauchy stress can be expressed as a function of the undeformed radius:
Furthermore, using Eqs (26)- (30) and the relationship S = JF −1 σF −T , the configurational stress tensor reduces to
Finally, the integration of the configurational stress tensor over a fatigue cycle necessitates the determination of its increment:
and In Figure 2 , the evolutions of the ratio Σ * /Φ as a function of prescribed extension ratio and twist for different loading conditions are presented. The analytical results were obtained for a cylinder whose radius and height are 12.80 mm and 5 mm respectively. The material is assumed to follow Neo-Hookean model with C = 0.36 MPa. Note that both Σ * and Φ increase with prescribed deformation but with different rate.
Indeed, as shown by the graphs in Figure 2 , Φ seems to increase at a higher rate than Σ * with the applied deformation.
In the case of alternating torsion, more precisions have to be given particularly for the CPA-predictor.
Indeed, in this case of fully symmetrical loadings, two material planes are strictly identical in terms of damage quantity. At a microscale, it was shown in Saintier (2001) and Mars (2002) that for this loading case, microcracks alternatively growth along those two planes. In order to correctly assess the fatigue life in such cases, a cumulative law has to be considered. Using a simple Miner cumulative damage law it can easily be shown that the equivalent damage quantity for alternating torsion Φ AT can be expressed as a function of that in simple torsion Φ ST as follows
where α is the power law coefficient given in Eq. (12). In the case of CMA-predictor, damage quantities for simple torsion and alternating torsion will naturally differ since Σ * is obtained by integration over a cycle (the cumulative process is already done in the formulation). Predictor evolutions for simple torsion and 14 alternating torsion are illustrated in Figure 3 . Nevertheless, small differences in the case of proportional tension/torsion are observed. The predicted crack angle in simple tension is equal to zero, i.e. perpendicular to tension orientation and remains unchanged as prescribed extension ratio increases. For simple torsion, the crack angle is −45
• at small twist (a wellknown result in small strain theory) and deviates (decreases) as the prescribed twist increases. Concerning proportional tension/torsion, the maximum prescribed extension ratio is λ max = 1.5. As shown in the bottom right of Figure 4 , for small twist, the axial (tension) contribution is more important, thus the theoretical crack angle closes to zero. As the prescribed twist increases, the torsion contribution becomes predominant, and the crack angle approaches the one obtained by simple torsion. Different theoretical crack angles are obtained by the two predictors for alternating torsion loading condition as presented in the bottom left of Figure 4 . Indeed, since the use of the CPA-predictor implies that the theoretical crack angle (critical plane) 15 is perpendicular to the eigenvector associated with the maximum value of the principal Cauchy stress over a cycle, two planes are found to experience the same damage quantity. Due to the symmetry of those planes in terms of orientation, the resulting predicted crack angle is zero (Saintier, 2001 ). In the case of CMApredictor, it is observed that the theoretical crack angle decreases and approaches zero with the prescribed twist.
Comparison with experimental data
3.2.1. Experimental data of Saintier (2000) In this subsection, the experimental data of Saintier (2001) are considered. The author investigated fatigue life of a carbon black-filled natural rubber under different loading conditions: tension/compression with various loading ratios, non-relaxing tension and relaxing/alternating torsion. Three types of specimens were used: Diabolo, AN2 and AN5. All tests were conducted at room temperature and at low frequency (1 Hz). For each loading condition, the number of cycles corresponds to the occurrence of a 1 mm long crack was measured. All cracks were observed to nucleate at the specimen surface. The local Cauchy stress at the location of crack nucleation was computed using the Finite Element Analysis (FEA). Note that the author used Mooney-Rivlin series hyperelastic strain energy density for these computations.
In the present study, only experimental data using Diabolo samples are considered (see Figure 5 ).
Moreover, since numerical implementation of CMA-predictor (particularly its increment over a cycle) on the FE software is still under investigation (Verron and Andriyana, 2008) , no local value of accumulated configurational stresses over a cycle on the location of crack nucleation can be obtained using FEA. Therefore, an alternative method to analyze experimental data is proposed here:
1. Diabolo sample is simplified and represented by a simple cylinder whose external radius R e = 12.80 mm and height h = 10 mm. This geometry corresponds to "effective zone" in the middle of the Diabolo sample as illustrated in the Figure 6 .
2. For each loading condition, local Cauchy stresses (maximum and minimum) during a cycle computed using FEA by the author in the original work are considered. To each local Cauchy stress, an equivalent local extension ratio λ max , λ min (and twist per unit length τ max , τ min ) of the cylinder can be assigned using the corresponding experimental stress-strain curve. Note that in contrast to λ and τ , theequivalent twist angle of the cylinder will considerably differ with the real prescribed twist angle of the Diabolo sample during experiment.
3. The CPA and CMA-predictors are then computed analytically for these equivalent extension ratio and twist using the Neo-Hookean strain energy density with C = 0.36 MPa fitted from the data of uniaxial tension test. Figure 6 summarizes the steps used to evaluate the value of each predictor. By fitting the uniaxial ten- Remark 2. It is important to underline that due to non-relaxing tension cyclic loading (tension-tension), the material exhibits reinforcement mechanism. Here, the corresponding reinforcement is taken into account in the analytical computation of the CPA-predictor. The account of reinforcement on the computation of CMA-predictor can be performed by the use of a viscoelastic model (Andriyana and Verron, 2007) which is beyond the scope of the present paper. Hence, reinforcement effect will be neglected from the analytical computation of the CMA-predictor and the results must be interpreted with caution.
In Figure 7 , the Wöhler curves are plotted using the CPA and CMA-predictors for different loading conditions: tension-compression, simple torsion, alternating torsion and tension-tension. First, as shown in Figure 7 , the uniaxial and multiaxial (simple torsion) data are well unified using both predictors for low and high fatigue lives. However, for the CMA-predictor in the case of alternating torsion, one data point slightly deviates from other. Concerning the tension-tension loading in which reinforcement mechanism is observed in the material, both predictors give similar results even if the corresponding reinforcement was not explicitly accounted for in the computation of the CMA-predictor. The comparison between theoretical (predicted) and measured fatigue lives are given in Figure 8 . In this figure, the diagonal solid line in both graphs represent the case where the predicted and measured lives are identical. Moreover, the dashed lines above and below this solid line indicate the case where the predicted fatigue lives are 3 times higher and lower respectively than the measured one. As shown in Figure 8 , both predictors give a good life estimation.
Most of data are located inside the range bounded by the two dashed lines. Finally, it is to note that in the case of simple torsion loading conditions, the differences between the predicted and measured lives obtained by the CPA-predictor are smaller than the one obtained by the CMA-predictor. 
Experimental data of Mars (2001)
In this last example, experimental data of Mars (2001) are considered. The author performed a number of uniaxial extension/torsion experiments on carbon black-filled natural rubber for complex multiaxial loading conditions: prescribed force or displacement, proportional and non-proportional, relaxing and alternating.
The specimen has a particular geometry: it is a short, hollow cylinder of rubber bonded between two steel mounting rings. Its cross section has a slightly concave surface on the outer diameter and enlarged bonding areas on the top and bottom surfaces. This design was proposed to fulfil, in particular, the following three requirements: to produce a relatively uniform strain field in the sample, to assure that cracks initiate first on the outer surface of the sample and to permit moderate compressive strain without buckling. The test specimen is described and analyzed in detail in Mars and Fatemi (2004a) . In the following calculations, the sample geometry is simplified and it is considered as a short thick cylinder whose internal radius, external radius and height are respectively R i = 38.10 mm, R e = 43.18 mm and h = 6.35 mm. Moreover, only experiments with prescribed displacement (axial and twist) are retained. Test frequencies ranged between 0.5 and 4 Hz, with the higher frequencies at smaller amplitudes (longer lives) to avoid any significant cyclic heating. For a given loading condition, the number of cycle to failure was measured. Note that a 15% load drop from its stabilized response (defined at 128th cycle) was used as failure criterion.
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As conducted in previous examples, to compute the value of each predictor for a given loading, the analytical solution of simultaneous tension/torsion of a hyperelastic cylinder is adopted (see Section 3.1).
Following Mars, the material is assumed to obey the Neo-Hookean model with C = 1.5 MPa identified from the first loading monotonic response of uniaxial tension test. It is to note that for the CPA-predictor, reinforcement mechanisms are observed for non-proportional loading conditions. However, since no material crystallinity information is given in the original work, material parameters associated with reinforcement mechanism cannot be identified. Therefore, only proportional loading conditions are considered in the present work. By fitting the uniaxial tension fatigue test data, the following set of material parameters is obtained: Φ o = 248 MPa, α = −2.76, Σ o = 111 MJ/m 3 and β = −3.23.
In Figure 9 , the Wöhler curves are plotted using the CPA and CMA-predictors for different loading conditions: simple tension (A), simple torsion (B), alternating torsion (C), proportional tension/torsion (D),
proportional alternating tension/torsion (E) and proportional compression/torsion (F). First, as shown in Figure 9, the data are generally well unified using both predictors for low and high fatigue lives. Nevertheless, both predictors seems to have more difficulties to describe loading conditions where the torsion is predominant, i.e. simple torsion and proportional compression/torsion. In these cases, the CMA-predictor gives slightly better results than the CPA-predictor. The comparison between theoretical (predicted) and 21 measured fatigue lives are given in Figure 10 . In this figure, the diagonal solid line in both graphs represent the case where the predicted and measured lives are identical. Moreover, the dashed lines above and below this solid line indicate the case where the predicted fatigue lives are 3 times higher and lower respectively than the measured one. As illustrated in Figure 10 , both predictors give a good life estimation. Most of data are located inside the range bounded by the two dashed lines. Finally, it is to note that in the case of simple torsion (B) and proportional compression/torsion (F) loading conditions, the differences between the predicted and measured lives obtained by the CMA-predictor are smaller than the one obtained by the CPA-predictor.
Discussion
At this point it is important to make some comments about two issues that have to be highlighted: the end-of-life definition and the constitutive models used for computation. As mentioned in the Introduction, the use of stiffness drop as the end-of-life criteria may lead to different results in terms of crack length and density. Indeed, for a given stiffness drop, the resulting crack length and density depends on the specimen shape and loading type. For instance, consider the specimen geometry used in Mars (2001) under torsion and uniaxial tension loading conditions. In the case of torsion, cracks develop at a given angle with respect to the specimen axis. The specimen thickness and the stress gradient (stress decreases as the crack growthwithin the specimen) induced by the loading limit the extent to which the crack can grow freely. In the case of uniaxial loading, the crack grows in a uniform stress state and is not limited by the specimen geometry (the failure of the specimen can be due to the growth of a single crack). As observed experimentally, the crack density at the end-of-life is higher in torsion than the one in tensile tests. Hence, in term of damage, the crack arrest conditions are not strictly identical. This could explain part of the fact that in the case of Mars's data, numerical fatigue life predictions seems to be systematically smaller than experimental ones.
Another important point that has to be underlined is the choice of the constitutive model. Throughout the present paper, the computation was performed using a simple Neo-Hookean model that captures only a part of the real behavior of the material. In the work of Saintier (2001) , the material's constitutive behavior was found to be well described by a Mooney-Rivlin model independently of the specimen geometry and the loading condition. A further simplification to a Neo-Hookean model in the present work still gives a good description of the material behavior considering the stress and strain ranges. so that the stress-strain behavior may be idealized as a family of stress-strain curves. The particular curve of relevance at any moment depends on the maximum strain previously experienced due to the Mullins effect.
Hence, to fully describe and correctly compute the cyclic stress-strain response, a more complex nonlinear viscoelastic model that takes into account the Mullins effect is required. Nevertheless, the establishment (and identification) of such a model is clearly beyond the scope of the present paper. For a review of the Mullins effect, the reader can consult for example the work of Diani et al. (2009) .
Cyclic stress strain curves given by Mars and Fatemi (2004b) for proportional and non-proportional tension-torsion loading indicates that the Mullins effect depends on the loading type. Figure 11 illustrates the stress softening, defined by the difference between computed (monotonic) and experimental (cyclic) maximum axial/shear engineering stress components at the 128th cycle, as a function of the fatigue life for different loading conditions. For simple torsion (resp. simple tension) loading, only engineering shear (resp. axial) stress softening are represented. In contrast, for proportional tension/torsion loading, both axial and shear stress softening are given. As shown in this figure, for a given loading condition, the stress softening depends on the fatigue life: it decreases with fatigue life except for the axial stress component of the proportional tension/torsion loading. Moreover, for fatigue lives lower than 10 5 cycles, the scatter in stress softening becomes more pronounced. Indeed, the corresponding softening varies from 10% to nearly 50%.
Finally, from the fatigue prediction point of view, it is to note that while the neglect of the stress softening on the description of material's constitutive behavior may adversely affect the ability of both predictors, in the particular case of simple tension the discrepancies between theoretical and measured fatigue lives are reduced by the fact that the power law in Eqs. (12) and (22) were identified from uniaxial tension fatigue data.
Conclusions
The present paper attempted to give a brief comparative study on the efficiency of two recent approaches used in the prediction of rubber fatigue: Configurational Mechanics and Critical Plane approaches. General theory of each approach was briefly presented. Two experimental data were considered: Saintier (2001) and Mars (2001) . Both predictors used in the present study were found to give good results in term of fatigue life prediction. Among different loading conditions, discrepancies between theoretical and measured fatigue live were mostly observed in the cases where torsion was predominant, i.e. simple torsion, alternating torsion, proportional compression/torsion. In such cases, the CMA-predictor appeared to give slightly better life
predictions.
An important point to remember is the description of the constitutive behavior of the tested materials.
As shown in this paper, for elastomers exhibiting Mullins effect such as Mars's material, the used of simple hyperelastic model such as Neo-Hookean requires careful consideration, particularly in the case of high strains complex loading conditions and complex specimens/structures where stress/strain gradients are present.
Finally, to close the paper, it is to note that while the CPA-predictor was successfully implemented into the Finite Element Software, the numerical implementation of the CMA-predictor, particularly its increment over a fatigue cycle, is still under investigation. Therefore, further development is required in order to give more information concerning the efficiency of this predictor.
